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Â ðàáîòå ïîëó÷åíî ïîëèíîìèàëüíîå è ïîëèòðîïíîå ïðèáëèæåíèß óðàâ-
íåíèé ñîñòîßíèß âûðîæäåííîãî ôåðìè-ãàçà. Íà èõ îñíîâå ïîñòðîåíà
ìàòåìàòè÷åñêàß ìîäåëü ðàâíîâåñíûõ âðàùàþùèõñß êîíôèãóðàöèé.
In this research we have obtained the polynomial and polytropic approxima-
tions of the equations of degenerate fermi gas condition. On the basis of
these equations we have developed a mathematical equilibrium rotating
conﬁguration model.
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Ââåäåíèå
Ñîçäàíèå âûñîêîòî÷íîé ìàòåìàòè÷åñêîé ìîäåëè ãðàâèòèðóþùèõ áûñòðîâðà-
ùàþùèõñß êîíôèãóðàöèé àêòóàëüíî â ñâßçè ñ èçó÷åíèåì ïëîòíûõ è ñâåðõïëîò-
íûõ àñòðîôèçè÷åñêèõ îáúåêòîâ: áåëûõ êàðëèêîâ è ïóëüñàðîâ, êîòîðûå ßâëßþòñß,
ïî ñîâðåìåííûì ïðåäñòàâëåíèßì, âðàùàþùèìèñß íàìàãíè÷åííûìè íåéòðîííûìè
çâåçäàìè. Îñíîâíûì âîïðîñîì ïðè ýòîì ßâëßåòñß âûßñíåíèå âëèßíèß áûñòðîãî
âðàùåíèß è óðàâíåíèé ñîñòîßíèß íà ðàñïðåäåëåíèå ïëîòíîñòè ρ(r).
Â îñíîâó ðàçâèâàåìîé â äàííîé ðàáîòå ìàòåìàòè÷åñêîé ìîäåëè ðàâíîâåñíûõ
âðàùàþùèõñß íüþòîíîâñêèõ êîíôèãóðàöèé ïîëîæèì èíòåãðàëüíîå óðàâíåíèå â
R3 ñ ïîäâèæíîé ãðàíèöåé [1]:
1
2pia21
∫
D
ρ˜(r′)
(
1
|r′| −
1
|r− r′|
)
dV ′ −K0
1∫
p(r)
dp
ρ˜(p)
− εr
2
⊥
a21
= 0, (1)
ãäå ρ˜ = ρ/ρc ≥ 0, ρc - ïëîòíîñòü â öåíòðå, p = P/Pc - îòíîøåíèå äàâëåíèß ê öåí-
òðàëüíîìó çíà÷åíèþ äàâëåíèß, K0 = Pc/(2piGρ2ca21), r⊥ = x1e1 + x2e2, x1 = x/a1,
x2 = y/a1, x3 = z/a3; a1, a3 - ïîëóîñè ñôåðîèäà, àïïðîêñèìèðóþùåãî ïîâåðõíîñòü
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êîíôèãóðàöèè, ε = ω2/(4piGρc), ω - óãëîâàß ñêîðîñòü âðàùåíèß, G - ãðàâèòàöèîí-
íàß ïîñòîßííàß, D - îáëàñòü R3, â êîòðîé ρ˜ ≥ 0.
1. Îñíîâíûå óðàâíåíèß ìîäåëè
Äëß ðåøåíèß óðàâíåíèß (1) ìû äîëæíû çíàòü êîíêðåòíûé âèä óðàâíåíèß ñî-
ñòîßíèß P = P (ρ) èëè â íàøåì ñëó÷àå p = p(ρ˜). Âòîðîé ÷ëåí â (1) â îáùåì ñëó÷àå
ñóùåñòâåííî íå ëèíååí ïî ρ˜, ÷òî ñîçäàåò áîëüøèå ñëîæíîñòè ïðè åãî ðåøåíèè.
Çàïèøåì åãî â âèäå
1∫
p
dp
ρ˜(p)
= Θ(ρ˜ = 1)−Θ(ρ˜), Θ(ρ˜) =
p∫
0
dp
ρ˜(p)
. (2)
Äëß ïîëíîñòüþ âûðîæäåííîãî ôåðìè-ãàçà ýëåêòðîíîâ â ïëàçìå [2]:
P =
me
µemn
ρ
(e)
0 c
2f(x), f(x) =
x∫
0
y4dy√
1 + y2
, (3)
x =
(
ρ/ρ
(e)
0
)1/3
, ρ(e)0 = µemnm3ec3/(3pi2~3), me - ìàññà ýëåêòðîíà, mn - ìàññà íåé-
òðîíà, c - ñêîðîñòü ñâåòà, ~ - ïîñòîßííàß Ïëàíêà, µe = A/Z, A - àòîìíûé íîìåð
õèìè÷åñêîãî ýëåìåíòà, à Z - åãî ïîðßäêîâûé íîìåð.
Ôîðìóëû (3) îïðåäåëßþò óðàâíåíèå ñîñòîßíèß âûðîæäåííîãî ãàçà ýëåêòðîíîâ
â áåëûõ êàðëèêàõ. Ýòî óðàâíåíèå ïîëó÷èëî â ëèòåðàòóðå íàçâàíèå óðàâíåíèß ñî-
ñòîßíèß ×àíäðàñåêàðà, êîòîðûé ïðèìåíèë åãî äëß îïèñàíèß áåëûõ êàðëèêîâ. Íà
åãî îñíîâå ×àíäðàñåêàð óñòàíîâèë ïðåäåëüíî äîïóñòèìóþ ìàññó áåëûõ êàðëèêîâ
â îòñóòñòâèè âðàùåíèß 1.4m¯.
Äëß ïîëíîñòüþ âûðîæäåííîãî ôåðìè-ãàçà íåéòðîíîâ [2]:
P = ρ(n)0 c
2f(x), x =
(
ρ
ρ
(n)
0
)1/3
, ρ
(n)
0 =
m4nc
3
3pi2~3
. (4)
Óðàâíåíèå (4) ïîëó÷èëî íàçâàíèå óðàâíåíèå ñîñòîßíèß Îïïåíãåéìåð-Âîëêîâà,
êîòîðûå èñïîëüçîâàëè åãî äëß ðàñ÷åòà âûðîæäåííûõ íåéòðîííûõ êîíôèãóðàöèé
(íåéòðîííûõ çâåçä).
Ôîðìóëû (3) è (4) ìîæíî îáúåäèíèòü:
P = ge,nρ
(e,n)
0 c
2f(x), x =
(
ρ
ρ
(e,n)
0
)1/3
, (5)
ãäå gn = 1, ge = me/(µemn).
Òîãäà
Θ(ρ˜) =
ρc
Pc
ρ∫
0
dP
dρ′ dρ
′
ρ′
=
ρc
Pcρ
(e,n)
0
x∫
0
dP
dy dy
y3
=
ge,nρcc
2
Pc
x∫
0
f ′(y)dy
y3
; (6)
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Θ(ρ˜) = Ke,nf(k, ρ˜), k =
(
ρc
ρ
(e,n)
0
)2/3
,
Ke,n =
ge,nρ
2
cc
2
2Pc
(
√
1 + k − 1), f(k, ρ˜) =
√
1 + kρ˜2/3 − 1√
1 + k − 1 .
Óðàâíåíèå (1) â ñëó÷àå âûðîæäåííîãî ôåðìè-ãàçà ïðèîáðåòàåò âèä:
1
2pia21
∫
D
ρ˜(r′)
(
1
|r′| −
1
|r− r′|
)
dV ′ +Ke,n0 (f(k, ρ˜)− 1)− ε
r2⊥
a21
= 0, (7)
Ke,n0 =
ge,nc
2
4piGρca21

√√√√1 +( ρc
ρ
(e,n)
0
)2/3
− 1
 .
Äàëüíåéøåå óïðîùåíèå (7) ñâßçàíî ñ àïïðîêñèìàöèåé ôóíêöèè f(k, ρ˜) ìíî-
ãî÷ëåíàìè íàèëó÷øåãî ïðèáëèæåíèß â L2. Ïîëèíîìèàëüíàß àïïðîêñèìàöèß ýòîé
ôóíêöèè è ïðèìåíåíèå ìåòîäîâ êîìïüþòåðíîé àëãåáðû ïîçâîëßò â äàëüíåéøåì
ïîñòðîèòü ýôôåêòèâíûå ìåòîäû ðåøåíèß óðàâíåíèß (7) ñ èñïîëüçîâàíèåì ïîëè-
íîìîâ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì.
Ïðè 0 ≤ k ≤ 1 ïðåäñòàâèì f(k, ρ˜) â âèäå ïîëèíîìà ïî ïåðåìåííûì k è ρ˜
ñòåïåíåé N1 è N2 ñîîòâåòñòâåííî:
fN1,N2(k, ρ˜) =
N2∑
l=1
(
N1∑
d=0
f
(1)
dl k
d
)
ρ˜l, (8)
à ïðè 1 ≤ k <∞
fN1,N2(k, ρ˜) =
N2∑
l=1
(
N1∑
d=0
f
(2)
dl
(
1
k
)d)
ρ˜l. (9)
Ïîãðåøíîñòü àïïðîêñèìàöèè áóäåò îöåíèâàòüñß â C ìåòðèêå
δN1,N2 = max
0≤k<∞,0≤ρ˜≤1
{|f(k, ρ˜)− fN1,N2(k, ρ˜)|}. (10)
2. Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ ïàðàìåòðîâ ìîäåëè
Äëß âû÷èñëåíèß êîýôôèöèåíòîâ f (1)dl è f
(2)
dl ìû âîñïîëüçîâàëèñü ïàêåòîì Curve-
Fitting ñèñòåìû ñèìâîëüíîé ìàòåìàòèêè MAPLE. Â ñëó÷àå N1 = N2 = N = 6
ðåçóëüòàòû âû÷èñëåíèß ïðèâîäßòñß â òàáëèöàõ 1 è 2 ñîîòâåòñòâåííî.
Òàáëèöà 1
l\d 0 1 2 3 4 5 6
1 2.9933 0.6759 -0.2038 0.0922 -0.0447 0.0166 -0.0031
2 -10.7738 -3.2174 0.6619 -0.2608 0.1278 -0.0479 0.0088
3 29.8382 8.4798 -1.5933 0.7021 -0.3795 0.1476 -0.0275
4 -44.7617 -12.5615 2.4306 -1.1603 0.6366 -0.2458 0.0454
5 33.6338 9.3851 -1.8419 0.8937 -0.4836 0.1839 -0.0336
6 -9.9314 -2.7623 0.5465 -0.2668 0.1434 -0.0543 0.0099
110 ÌÈÕÅÅÂ Ñ.À., ÖÂÅÒÊÎÂ Â.Ï.
Òàáëèöà 2
l\d 0 1 2 3 4
1 6.4832 -17.4110 59.1124 -122.3321 146.6324
2 -33.1299 124.8272 -440.6527 926.5340 -1119.2038
3 96.1936 -388.7733 1397.3330 -2961.1474 3591.1409
4 -146.7370 609.9073 -2211.2972 4705.0243 -5718.2259
5 111.1694 -468.8905 1708.4646 -3643.8171 4434.2082
6 -32.9847 140.3639 -513.0480 1095.9276 -1334.7833
l\d 5 6
1 -93.1535 24.1964
2 714.0931 -185.9806
3 -2296.5161 598.9737
4 3661.3777 -955.7249
5 -2841.4126 742.0611
6 855.7603 -223.5646
Ïîãðåøíîñòü àïïðîêñèìàöèè f(k, ρ˜) ñîñòàâèëà δ6,6 = 2.25 · 10−2.
Â ðåçóëüòàòå ìû ïîëó÷èëè ïðåäñòàâëåíèå Θ(ρ˜) â âèäå ïîëèíîìîâ ïî ñòåïåíßì
ρ˜, k è 1/k:
ΘN1,N2(ρ˜, k ≤ 1) =
N2∑
l=1
N1∑
d=0
f
(1)
dl k
dρ˜l, (11)
ΘN1,N2(ρ˜, k ≥ 1) =
N2∑
l=1
N1∑
d=0
f
(2)
dl
(
1
k
)d
ρ˜l.
Ïîäñòàâëßß (11) â èíòåãðàë Ke,n
(
ρ˜Θ(ρ˜)−
ρ˜∫
0
Θ(ρ˜)dρ˜
)
ïîëó÷àåì àïïðîêñèìà-
öèþ óðàâíåíèß ñîñòîßíèß:
PN1,N2 =
1
2
ge,nρcc
2
N2∑
l=1
l
l + 1
(
N1∑
d=0
f
(1)
dl k
d
)
ρ˜l+1, (k ≤ 1) (12)
PN1,N2 =
1
2
ge,nρcc
2
N2∑
l=1
l
l + 1
(
N1∑
d=0
f
(2)
dl
(
1
k
)d)
ρ˜l+1 (k ≥ 1).
Ïðè àíàëèçå óðàâíåíèé ñîñòîßíèß ÷àñòî èñïîëüçóþò ïðèáëèæåíèå â ôîðìå
ïîëèòðîïû P = Kρ1+1/n (n - íàçûâàþò èíäåêñîì ïîëèòðîïû).
Äëß ýòîãî ôóíêöèþ f(k, ρ˜) ïðèáëèçèì ñòåïåííîé ôóíêöèåé ρ˜1/n(k) â L2 ìåòðè-
êå. Â ðåçóëüòàòå èìååì:
n(k) =
1
2
1∫
0
lnρ˜ · lnf(k, ρ˜)dρ˜
−1 . (13)
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Ðèñ. 1: Ãðàôèê ôóíêöèè n(k) ïðè 0 ≤ k ≤ 3
Ðèñ. 2: Ãðàôèê ôóíêöèè n(k) ïðè 3 ≤ k ≤ 2 · 102
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Ðèñ. 3: Ãðàôèê ôóíêöèè n(k) ïðè 2 · 102 ≤ k ≤ 5 · 103
Ðèñ. 4: Ãðàôèê ôóíêöèè n(lg(k)) ïðè 5 · 103 ≤ k ≤ 1010
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Ðèñ. 5: Ãðàôèê ôóíêöèè f1(λ)
Ãðàôèêè çàâèñèìîñòè èíäåêñà ïîëèòðîïû n îò ïàðàìåòðà k ïðèâîäßòñß íà ðè-
ñóíêå 1 (0 ≤ k ≤ 3), ðèñóíêå 2 (3 ≤ k ≤ 2 · 102), ðèñóíêå 3 (2 · 102 ≤ k ≤ 5 · 103), à
íà ðèñóíêå 4 ïðåäñòàâëåí ãðàôèê çàâèñèìîñòè n(lg(k)) (5 · 103 ≤ k ≤ 1010).
Ïîãðåøíîñòü àïïðîêñèìàöèè â èíòåðâàëå âñåõ çíà÷åíèé k, âû÷èñëåííàß â C
ìåòðèêå, áóäåò 2 · 10−2. Â ðåçóëüòàòå óðàâíåíèå ñîñòîßíèß âûðîæäåííîãî ôåðìè-
ãàçà ïðåäñòàâëßåòñß ïîëèòðîïîé èíäåêñà n = n(k):
P ∼= ge,n ρcc
2
2(1 + n)

√√√√1 +( ρc
ρ
(e,n)
0
) 2
3
− 1
( ρ
ρc
)1+ 1n
. (14)
Îòñþäà: Pc =
(
ge,nρcc
2/(2(1 + n))
)(√
1 +
(
ρc/ρ
(e,n)
0
)2/3
− 1
)
è Ke,n = 1 + n,
Θ(ρ˜) = (1 + n)f(k, ρ˜).
Ïðè k ¿ 1 èç (13) èìååì n = 2/3, à ïðè k À 1 n = 3.
Ïðåäñòàâëßåò èíòåðåñ èñïîëüçîâàíèß (14) äëß îïèñàíèß ðåàëèñòè÷åñêèõ óðàâ-
íåíèé ñîñòîßíèß, êîãäà ó÷èòûâàåòñß ýôôåêò ñèëüíîãî âçàèìîäåéñòâèß ìåæäó íåé-
òðîíàìè. Ñ ýòîé öåëüþ ìîæåò áûòü èñïîëüçîâàí ìåòîä àíàëèòè÷åñêîãî ïðîäîëæå-
íèß (14) ïî ïàðàìåòðàì n è ρ(n)0 . Äëß èäåàëüíîãî ôåðìè-ãàçà íåéòðîíîâ ρ
(n)
0 =
6.1 ·1015ã/ñì3. Ýòî çíà÷åíèå äàåò õàðàêòåðíóþ ïëîòíîñòü ôåðìè-ãàçà ïðè êîòîðîé
íà÷èíàåòñß ðåëßòèâèñòñêîå âûðîæäåíèå.
Äëß äðóãèõ óðàâíåíèé ñîñòîßíèß ρ(n)0 òàêæå ðàâíà õàðàêòåðíîé ïëîòíîñòè íåé-
òðîííîãî ãàçà, ïðè êîòîðîé èìååò ìåñòî äàííîå óðàâíåíèå ñîñòîßíèß.
Âçßâ ρ(n)0 = 6 · 1014ã/ñì3, ρc = 1015ã/ñì3, n = 0.65, ìû õîðîøî âîñïðîèçâåäåì
óðàâíåíèå ñîñòîßíèß Áåòå-Äæîíñîíà [2].
Èñïîëüçóß â (7) ïðèáëèæåíèå f(k, ρ˜) ∼= fN1,N2(k, ρ˜), ìû ïîëó÷àåì èíòåãðàëüíîå
óðàâíåíèå ðàâíîâåñíîãî âðàùàþùåãîñß ôåðìè-ãàçà â ïîëèíîìèàëüíîì ïðèáëèæå-
íèè ïî ïëîòíîñòè ρ˜:
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1
2pia21
∫
D
ρ˜(r′)
(
1
|r′| −
1
|r− r′|
)
dV ′ +Ke,n0 (fN1,N2(k, ρ˜)− 1)− ε
r2⊥
a21
= 0. (15)
Â óðàâíåíèå (15) âõîäèò âàæíûé êîýôôèöèåíò Ke,n0 , çàâèñßùèé îò ρc, ρ
(e,n)
0
è a1. Çàâèñèìîñòü åãî îò ρc îïðåäåëßåòñß ôóíêöèåé f1(λ) =
(√
1 + λ2/3 − 1
)
/λ
(λ = ρc/ρ(e,n)0 ). Ãðàôèê f1(λ) ïðèâîäèòñß íà ðèñóíêå (5).
Çàêëþ÷åíèå
Ïîëèíîìèàëüíîå ïðåäñòàâëåíèå f(k, ρ˜) ïîçâîëßåò èñïîëüçîâàòü ïîñòðîåííûé â
[3] êîìïëåêñ ñèìâîëüíî-÷èñëåííûõ ïðîãðàìì äëß ïðèáëèæåííîãî àíàëèòè÷åñêîãî
ðåøåíèß óðàâíåíèß (15) ñ ïðèìåíåíèåì ïîëèíîìîâ íàèëó÷øåãî ïðèáëèæåíèß ïî
êîîðäèíàòàì â L2 ïðè àïïðîêñèìàöèè ρ˜.
Ðåøåíèå óðàâíåíèß (15) ρ˜(k, r) äëß ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðà k áóäåò
ïðîâåäåíî â äàëüíåéøèõ ðàáîòàõ.
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